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Abstract 

 
In this paper, we shall prove some common fixed point theorems for four weakly compatible  self-maps 

along with E.A and (CLR) property in metric space.  
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1 Introduction 

 
Fixed point is a point which remains invariant under the self map. Fixed point theory has wide applications 

in Economics, Biology, Game Theory etc. It is used to solve differential equations, fractional differential 

equations, integral equations etc [1,2]. In 1922, Banach [3] gave a method to evaluate a fixed point of a self  

map.  Since then, researchers had generalized the Banach Contraction Principle in many ways to obtain new 

fixed point theorems (see [4-9],). In 2002, Aamri and Moutawakil [10] gave E.A. property to get new fixed 

point theorems. In 2011, Sintunavarat and Kuman [11] weaken the E.A. property and gave new called 

(CLR). The researchers used these properties in different ways to obtain new fixed point theorems [12-14]. 

In this paper we shall also used E.A. and (CLR) in metric space and give a new contraction to get the fixed 

point theorems.  

 

2 Preliminaries 

 
For the proof of our main results, we have the requirements of basic definitions from literature, which are as 

follows: 
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Definition 2.1: A metric space (𝑋, 𝑑) is said to be complete if every Cauchy sequence is convergent. 

 

Definition 2.2 ([11]): Let 𝑓 𝑎𝑛𝑑 𝑔 be two self-maps of a metric space (𝑋, 𝑑), then they are said to satisfy 

(𝐶𝐿𝑅𝑔) property if there exists a sequence {𝑥𝑛} in 𝑋 such that 

 

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑔𝑥 for some 𝑥 ∈ 𝑋. 

 

Definition 2.3([8]): Recently, Jungck defined weakly compatible maps as follows: 

 

Let 𝐴 and 𝑆 be mappings on a metric space (𝑋, 𝑑) into itself. 𝐴 and 𝑆 are said to be weakly compatible if 

they commute at their coincidence points, that is, 𝐴𝑥 = 𝑆𝑥, for some 𝑥 ∈ 𝑋 implies that 𝐴𝑆𝑥 = 𝑆𝐴𝑥.  
 

Definition 2.4 ([10]): Two self mappings 𝑆 and 𝑇 of a metric space are said to satisfy E.A. property if there 

exists a sequence {𝑥𝑛} ∈ 𝑋 such that 

 

lim
𝑛 → ∞

𝑇𝑥𝑛 =  lim
𝑛 → ∞

𝑆𝑥𝑛 =  𝑥0, for some 𝑥0  ∈ 𝑋. 

 

3 Main Results 

 
Lemma 3.1([15]) : Let 𝜙 be the class of all functions 𝜙: [0,∞)6  → ℝ having the following properties: 

 

(𝜙1): 𝜙(𝑢, 𝑣, 𝑣, 𝑢, 𝑢 + 𝑣, 0) ≤ 0  or 𝜙(𝑢, 𝑣, 𝑢, 𝑢, 0, 𝑢 + 𝑣) ≤ 0  for all 𝑣 > 0  implies that 𝑢 < 𝑣  and 𝑣 = 0 

implies that u = 0. 

 

(𝜙2): 𝜙 is non-decreasing in variables 𝑡5  and 𝑡6. 
(𝜙3): 𝜙(𝑢, 𝑢, 0, 0, 𝑢, 𝑢) ≤ 0 implies that 𝑢 = 0. 
(𝜙3): 𝜙 is continuous in each coordinate variable.  

 

Theorem 3.2: Let (𝑋, 𝑑) be a metric space and 𝐴, 𝐵, 𝑆 and 𝑇 be self-maps of a metric space having the 

conditions: 

 

(3.2) 𝐴𝑋 ⊂ 𝑇𝑋, 𝐵𝑋 ⊂ 𝑆𝑋. 
(3.3) Either the pair (𝐴, 𝑆) satisfies the (𝐶𝐿𝑅𝑆) property or the pair (𝐵, 𝑇) satisfies the (𝐶𝐿𝑅𝑇) property. 

(3.4) The pairs (𝐴, 𝑆) and (𝐵, 𝑇) are weakly compatible. 

(3.5) 𝜙 (𝑑(𝐴𝑥,𝐵𝑦),𝑑(𝑆𝑥,𝑇𝑦),𝑑(𝑆𝑥,𝐴𝑥),
𝑑(𝐵𝑦,𝑇𝑦),𝑑(𝑆𝑥,𝐵𝑦),𝑑(𝑇𝑦,𝐴𝑥)

)  ≤ 0, 

 

∀ 𝑥, 𝑦 ∈ 𝑋 and 𝜙 ∈  Φ. 
 

Then 𝐴, 𝐵, 𝑆 and 𝑇 have a unique fixed point in 𝑋. 
 

Proof: Let (𝐵, 𝑇) satisfies the (𝐶𝐿𝑅𝑇) property, then ∃ a sequence {𝑥𝑛} in 𝑋 such that 

 

lim
𝑛 → ∞

𝐵𝑥𝑛 =  lim
𝑛 → ∞

𝑇𝑥𝑛 = 𝑇𝑥, for some 𝑥 in 𝑋.                                                                 (3.6) 

 

From (3.2), 

 

𝐵𝑋 ⊂ 𝑆𝑋, then there exists a sequence {𝑦𝑛} in 𝑋 such that 𝐵𝑥𝑛 = 𝑆𝑦𝑛.                                     (3.7) 

 

From (3.6), we get 

 

lim
𝑛 → ∞

𝐵𝑥𝑛 =  lim
𝑛 → ∞

𝑇𝑥𝑛 =  lim
𝑛 → ∞

𝑆𝑦𝑛 = 𝑇𝑥. 
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Now, we will prove that lim
𝑛 → ∞ 

𝐴𝑦𝑛 = 𝑇𝑥. 

For this, let 𝑥 =  𝑦𝑛 and 𝑦 =  𝑥𝑛 in (3.5), we get 

 

𝜙 (𝑑(𝐴𝑦𝑛,𝐵𝑥𝑛),𝑑(𝑆𝑦𝑛,𝑇𝑥𝑛),𝑑(𝑆𝑦𝑛,𝐴𝑦𝑛),
𝑑(𝐵𝑥𝑛 ,𝑇𝑥𝑛),𝑑(𝑆𝑦𝑛,𝐵𝑥𝑛),𝑑(𝑇𝑥𝑛,𝐴𝑦𝑛)

)  ≤ 0.                                                                                        (3.8) 

 

Now from (3.7),  

 

𝜙 (𝑑(𝐴𝑦𝑛,𝐵𝑥𝑛),𝑑(𝐵𝑥𝑛,𝑇𝑥𝑛),𝑑(𝐵𝑥𝑛,𝐴𝑦𝑛),
𝑑(𝐵𝑥𝑛 ,𝑇𝑥𝑛),𝑑(𝐵𝑥𝑛 ,𝐵𝑥𝑛),𝑑(𝑇𝑥𝑛,𝐴𝑦𝑛)

)  ≤ 0.      

 

Taking limit as 𝑛 →  ∞, we get 

 

𝜙 (
𝑑(𝐴𝑦𝑛, 𝑇𝑥), 𝑑(𝑇𝑥, 𝑇𝑥), 𝑑(𝑇𝑥, 𝐴𝑦𝑛),

𝑑(𝑇𝑥, 𝑇𝑥), 𝑑(𝑇𝑥, 𝑇𝑥), 𝑑(𝑇𝑥, 𝐴𝑦𝑛)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝐴𝑦𝑛 , 𝑇𝑥), 0, 𝑑(𝑇𝑥, 𝐴𝑦𝑛),

0, 0, 𝑑(𝑇𝑥, 𝐴𝑦𝑛)
)  ≤ 0. 

 

From above Lemma 3.1, 𝑑(𝐴𝑦𝑛, 𝑇𝑥) =  0. 
 

⇒ 𝐴𝑦𝑛 = 𝑇𝑥. 
⇒  lim

𝑛 → ∞ 
𝐴𝑦𝑛 = 𝑇𝑥.                                                                                                                   (3.9) 

 

As given, 𝑆 is mapping of 𝑋 into itself, therefore 𝑆𝑋 ⊂ 𝑋. 
 

Hence, 𝑇𝑥 = 𝑆ℎ, for some ℎ ∈ 𝑋. 
 

Thus, we have lim
𝑛 → ∞

𝐴𝑦𝑛 = lim
𝑛 → ∞

𝐵𝑥𝑛 =  lim
𝑛 → ∞

𝑇𝑥𝑛 =  lim
𝑛 → ∞

𝑆𝑦𝑛 = 𝑇𝑥 = 𝑆ℎ.                     (3.10) 

 

Now, letting 𝑥 = ℎ and 𝑦 =  𝑥𝑛 in (3.5), we get 

 

𝜙 (
𝑑(𝐴ℎ, 𝐵𝑥𝑛), 𝑑(𝑆ℎ, 𝑇𝑥𝑛), 𝑑(𝑆ℎ, 𝐴ℎ),

𝑑(𝐵𝑥𝑛 , 𝑇𝑥𝑛), 𝑑(𝑆ℎ, 𝐵𝑥𝑛), 𝑑(𝑇𝑥𝑛 , 𝐴ℎ)
)  ≤ 0. 

 

Taking limit as 𝑛 →  ∞ and using (3.10), we get 

 

𝜙 (
𝑑(𝐴ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝐴ℎ),

𝑑(𝑆ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝐴ℎ)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝐴ℎ, 𝑆ℎ), 0, 𝑑(𝑆ℎ, 𝐴ℎ),

0, 0, 𝑑(𝑆ℎ, 𝐴ℎ)
)  ≤ 0. 

 

From the above Lemma 3.1,  

 

𝑑(𝐴ℎ, 𝑆ℎ) =  0. 
⇒ 𝐴ℎ = 𝑆ℎ.                                                                                                                                  (3.11) 

 

From (3.4), we have 

 

𝐴 and 𝑆 are weakly compatible, therefore 𝐴𝑆ℎ = 𝑆𝐴ℎ. 
 

Hence, 𝐴𝑆ℎ = 𝐴𝐴ℎ = 𝑆𝐴ℎ = 𝑆𝑆ℎ.                                                                                             (3.12) 
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From (3.2), 𝐴𝑋 ⊂ 𝑇𝑋, then there exists some 𝑞 ∈ 𝑋 such that 𝐴ℎ = 𝑇𝑞.                                 (3.13)     

Similarly, we can show that 𝑇𝑞 = 𝐵𝑞. 
 

From (3.13), 𝑇𝑞 = 𝐴ℎ. 
 

Therefore, 𝑇𝑞 = 𝐵𝑞 which implies that 𝐴ℎ = 𝑆ℎ = 𝑇𝑞 = 𝐵𝑞.                                                                 (3.14) 

 

From (3.4), 𝐵 and 𝑇 are weakly compatible, therefore  

 

𝐵𝑇𝑞 = 𝐵𝐵𝑞 = 𝑇𝐵𝑞 = 𝑇𝑇𝑞.                                                                                                                     (3.15) 

 

Moreover, we will prove that 𝐴𝐴ℎ = 𝐴ℎ. 
 

Let if possible, 𝐴𝐴ℎ ≠ 𝐴ℎ. 
 

Putting 𝑥 = 𝐴ℎ and 𝑦 = 𝑞 in (3.5), 

 

𝜙 (
𝑑(𝐴𝐴ℎ, 𝐵𝑞), 𝑑(𝑆𝐴ℎ, 𝑇𝑞), 𝑑(𝑆𝐴ℎ, 𝐴𝐴ℎ),

𝑑(𝐵𝑞, 𝑇𝑞), 𝑑(𝑆𝐴ℎ, 𝐵𝑞), 𝑑(𝑇𝑞, 𝐴𝐴ℎ)
)  ≤ 0. 

 

Now using (3.12)  and (3.14), 

 

⇒  𝜙 (
𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴𝐴ℎ),

𝑑(𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴ℎ, 𝐴𝐴ℎ)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 0,

0, 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴ℎ, 𝐴𝐴ℎ)
)  ≤ 0. 

⇒ 𝑑(𝐴𝐴ℎ, 𝐴ℎ) =  0. 
⇒ 𝐴𝐴ℎ = 𝐴ℎ. 
 

Consequently, we can prove that 

 

𝐵𝐴ℎ = 𝐴ℎ, 𝑇𝐴ℎ = 𝐴ℎ, 𝑆𝐴ℎ = 𝐴ℎ. 
 

Hence, 𝐴ℎ is a common fixed point of 𝐴, 𝐵, 𝑆 and 𝑇. 
 

Uniqueness: Let 𝑚 and 𝑛 be two fixed points of 𝐴, 𝐵, 𝑆 and 𝑇. 

 

So, 𝐴𝑚 = 𝐵𝑚 = 𝑆𝑚 = 𝑇𝑚 = 𝑚 and 𝐴𝑛 = 𝐵𝑛 = 𝑆𝑛 = 𝑇𝑛 = 𝑛. 
 

Now putting 𝑥 = 𝑚, 𝑦 = 𝑛 in (3.5), we get 

 

𝜙 (
𝑑(𝐴𝑚, 𝐵𝑛), 𝑑(𝑆𝑚, 𝑇𝑛), 𝑑(𝑆𝑚, 𝐴𝑚),

𝑑(𝐵𝑛, 𝑇𝑛), 𝑑(𝑆𝑚, 𝐵𝑛), 𝑑(𝑇𝑛, 𝐴𝑚)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝑚, 𝑛), 𝑑(𝑚, 𝑛), 𝑑(𝑚, 𝑚),

𝑑(𝑛, 𝑛), 𝑑(𝑚, 𝑛), 𝑑(𝑛, 𝑚)
)  ≤ 0. 

⇒ 𝑑(𝑚, 𝑛) =  0. 
⇒ 𝑚 = 𝑛. 

 

Hence, 𝐴, 𝐵, 𝑆 and 𝑇 have a common fixed point which is unique. 
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Theorem 3.3: Let (𝑋, 𝑑) be a metric space and 𝐴, 𝐵, 𝑆 and 𝑇 be self-maps of a metric space having the 

conditions: 

 

(3.16) 𝐴𝑋 ⊂ 𝑇𝑋, 𝐵𝑋 ⊂ 𝑆𝑋. 
(3.17) the pairs (𝐴, 𝑆) and (𝐵, 𝑇) are weakly compatible. 

(3.18)  𝜙 (𝑑(𝐴𝑥,𝐵𝑦),𝑑(𝑆𝑥,𝑇𝑦),𝑑(𝑆𝑥,𝐴𝑥),
𝑑(𝐵𝑦,𝑇𝑦),𝑑(𝑆𝑥,𝐵𝑦),𝑑(𝑇𝑦,𝐴𝑥)

)  ≤ 0, 

∀ 𝑥, 𝑦 ∈ 𝑋 and 𝜙 ∈  Φ. 
(3.19) one of 𝐴𝑋, 𝐵𝑋, 𝑆𝑋 or 𝑇𝑋 is a complete subspace of 𝑋. 
(3.20) either the pair (𝐴, 𝑆) or the pair (𝐵, 𝑇) satisfies the E.A. property. 

 

Then 𝐴, 𝐵, 𝑆 and 𝑇 have a unique fixed point in 𝑋. 
 

Proof: Let (𝐵, 𝑇) satisfies the E. A. property, then there exists a sequence {𝑥𝑛} in 𝑋 such that 

 

lim
𝑛 → ∞

𝐵𝑥𝑛 =  lim
𝑛 → ∞

𝑇𝑥𝑛 = 𝑥0, for some 𝑥0 in 𝑋.                                                               (3.21) 

 

From (3.16), 𝐵𝑋 ⊂ 𝑆𝑋, then there exists a sequence {𝑦𝑛} in 𝑋 such that 𝐵𝑥𝑛 = 𝑆𝑦𝑛.               (3.22)  

 

From (3.21), we get         

 

lim
𝑛 → ∞

𝐵𝑥𝑛 =  lim
𝑛 → ∞

𝑇𝑥𝑛 =  lim
𝑛 → ∞

𝑆𝑦𝑛 = 𝑥0. 

 

Now, we will prove that lim
𝑛 → ∞ 

𝐴𝑦𝑛 = 𝑥0. 

 

For this, let 𝑥 =  𝑦𝑛 and 𝑦 =  𝑥𝑛 in (3.18), we get 

 

𝜙 (𝑑(𝐴𝑦𝑛,𝐵𝑥𝑛),𝑑(𝑆𝑦𝑛,𝑇𝑥𝑛),𝑑(𝑆𝑦𝑛,𝐴𝑦𝑛),
𝑑(𝐵𝑥𝑛 ,𝑇𝑥𝑛),𝑑(𝑆𝑦𝑛,𝐵𝑥𝑛),𝑑(𝑇𝑥𝑛,𝐴𝑦𝑛)

)  ≤ 0.          

 

Now from (3.22),               

 

𝜙 (𝑑(𝐴𝑦𝑛,𝐵𝑥𝑛),𝑑(𝐵𝑥𝑛,𝑇𝑥𝑛),𝑑(𝐵𝑥𝑛,𝐴𝑦𝑛),
𝑑(𝐵𝑥𝑛 ,𝑇𝑥𝑛),𝑑(𝐵𝑥𝑛 ,𝐵𝑥𝑛),𝑑(𝑇𝑥𝑛,𝐴𝑦𝑛)

)  ≤ 0.      

 

Taking limit as 𝑛 →  ∞, we get 

 

𝜙 (
𝑑(𝐴𝑦𝑛, 𝑥0), 𝑑(𝑥0, 𝑥0), 𝑑(𝑥0, 𝐴𝑦𝑛),

𝑑(𝑥0, 𝑥0), 𝑑(𝑥0, 𝑥0), 𝑑(𝑥0, 𝐴𝑦𝑛)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝐴𝑦𝑛 , 𝑥0), 0, 𝑑(𝑥0, 𝐴𝑦𝑛),

0, 0, 𝑑(𝑥0, 𝐴𝑦𝑛)
)  ≤ 0. 

 

From above Lemma 3.1, 𝑑(𝐴𝑦𝑛, 𝑥0) =  0. 
 

⇒ 𝐴𝑦𝑛 = 𝑥0. 
⇒  lim

𝑛 → ∞ 
𝐴𝑦𝑛 = 𝑥0.                                                                                                                (3.23) 

 

Assume that 𝑆𝑋 is a complete subspace of 𝑋. 
 

Then, 𝑥0 = 𝑆ℎ, for some ℎ in 𝑋. 
 

Subsequently, we have 
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lim
𝑛 → ∞

𝐵𝑥𝑛 =  lim
𝑛 → ∞

𝑇𝑥𝑛 =  lim
𝑛 → ∞

𝑆𝑦𝑛 =  lim
𝑛 → ∞

𝐴𝑦𝑛 =  𝑥0 = 𝑆ℎ.                            (3.24) 

 

Now, letting 𝑥 = ℎ and 𝑦 =  𝑥𝑛  in (3.18), we get 

𝜙 (
𝑑(𝐴ℎ, 𝐵𝑥𝑛), 𝑑(𝑆ℎ, 𝑇𝑥𝑛), 𝑑(𝑆ℎ, 𝐴ℎ),

𝑑(𝐵𝑥𝑛 , 𝑇𝑥𝑛), 𝑑(𝑆ℎ, 𝐵𝑥𝑛), 𝑑(𝑇𝑥𝑛 , 𝐴ℎ)
)  ≤ 0. 

Taking limit as 𝑛 →  ∞ and using (3.24), we get 

 

𝜙 (
𝑑(𝐴ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝐴ℎ),

𝑑(𝑆ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝑆ℎ), 𝑑(𝑆ℎ, 𝐴ℎ)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝐴ℎ, 𝑆ℎ), 0, 𝑑(𝑆ℎ, 𝐴ℎ),

0, 0, 𝑑(𝑆ℎ, 𝐴ℎ)
)  ≤ 0. 

 

From the above Lemma 3.1,  

 

𝑑(𝐴ℎ, 𝑆ℎ) =  0. 
⇒ 𝐴ℎ = 𝑆ℎ.                                                                                                                                (3.25) 

 

From (3.17), we have 

 

𝐴 and 𝑆 are weakly compatible, therefore 𝐴𝑆ℎ = 𝑆𝐴ℎ. 
 

Hence, 𝐴𝑆ℎ = 𝐴𝐴ℎ = 𝑆𝐴ℎ = 𝑆𝑆ℎ.                                                                                             (3.26) 

 

From (3.16), 𝐴𝑋 ⊂ 𝑇𝑋, then there exists some 𝑞 ∈ 𝑋 such that 𝐴ℎ = 𝑇𝑞.                                (3.27)             

 

Similarly, we can show that 𝑇𝑞 = 𝐵𝑞. 
 

From (3.27), 𝑇𝑞 = 𝐴ℎ. 
 

Therefore, 𝑇𝑞 = 𝐵𝑞 which implies that 𝐴ℎ = 𝑆ℎ = 𝑇𝑞 = 𝐵𝑞.                                                  (3.28) 

 

From (3.17), 𝐵 and 𝑇 are weakly compatible, therefore  

 

𝐵𝑇𝑞 = 𝐵𝐵𝑞 = 𝑇𝐵𝑞 = 𝑇𝑇𝑞.                                                                                                         (3.29) 

 

Moreover, we will prove that 𝐴𝐴ℎ = 𝐴ℎ. 
 

Let if possible, 𝐴𝐴ℎ ≠ 𝐴ℎ. 
 

Putting 𝑥 = 𝐴ℎ and 𝑦 = 𝑞 in (3.18), 

 

𝜙 (
𝑑(𝐴𝐴ℎ, 𝐵𝑞), 𝑑(𝑆𝐴ℎ, 𝑇𝑞), 𝑑(𝑆𝐴ℎ, 𝐴𝐴ℎ),

𝑑(𝐵𝑞, 𝑇𝑞), 𝑑(𝑆𝐴ℎ, 𝐵𝑞), 𝑑(𝑇𝑞, 𝐴𝐴ℎ)
)  ≤ 0. 

 

Now using (3.26)  and (3.28), 

 

⇒  𝜙 (
𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴𝐴ℎ),

𝑑(𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴ℎ, 𝐴𝐴ℎ)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 0,

0, 𝑑(𝐴𝐴ℎ, 𝐴ℎ), 𝑑(𝐴ℎ, 𝐴𝐴ℎ)
)  ≤ 0. 

⇒ 𝑑(𝐴𝐴ℎ, 𝐴ℎ) =  0. 
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⇒ 𝐴𝐴ℎ = 𝐴ℎ. 
 

Consequently, we can prove that 

𝐵𝐴ℎ = 𝐴ℎ, 𝑇𝐴ℎ = 𝐴ℎ, 𝑆𝐴ℎ = 𝐴ℎ. 
Hence, 𝐴ℎ is a common fixed point of 𝐴, 𝐵, 𝑆 and 𝑇. 
 

Uniqueness: Let 𝑝 and 𝑞 be two fixed points of 𝐴, 𝐵, 𝑆 and 𝑇. 

 

So, 𝐴𝑝 = 𝐵𝑝 = 𝑆𝑝 = 𝑇𝑝 = 𝑝 and 𝐴𝑞 = 𝐵𝑞 = 𝑆𝑞 = 𝑇𝑞 = 𝑞. 
 

Now putting 𝑥 = 𝑝, 𝑦 = 𝑞 in (3.5), we get 

 

𝜙 (
𝑑(𝐴𝑝, 𝐵𝑞), 𝑑(𝑆𝑝, 𝑇𝑞), 𝑑(𝑆𝑝, 𝐴𝑝),

𝑑(𝐵𝑞, 𝑇𝑞), 𝑑(𝑆𝑝, 𝐵𝑞), 𝑑(𝑇𝑞, 𝐴𝑝)
)  ≤ 0. 

⇒  𝜙 (
𝑑(𝑝, 𝑞), 𝑑(𝑝, 𝑞), 𝑑(𝑝, 𝑝),

𝑑(𝑞, 𝑞), 𝑑(𝑝, 𝑞), 𝑑(𝑞, 𝑝)
)  ≤ 0. 

⇒ 𝑑(𝑝, 𝑞) =  0. 
⇒ 𝑝 = 𝑞. 

 

Hence, 𝐴, 𝐵, 𝑆 and 𝑇 have a common fixed point which is unique. 

 

Example 3.4: Let (𝑋, 𝑑) be a metric space with 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|, where 𝑋 = [0, 1]. 
 

Define the self-maps 𝐴, 𝐵, 𝑆 and 𝑇 on 𝑋 by  

 

𝐴𝑥 = 𝐵𝑥 =  
1

2
, 𝑆𝑥 =  

𝑥+2

5
, 𝑇𝑥 =

6𝑥−1

6
, for all 𝑥 ∈ 𝑋. 

 

Therefore, 𝑑(𝐴𝑥, 𝐵𝑥) = |
1

2
− 

1

2
| = 0. 

 

𝑑(𝑆𝑥, 𝑇𝑥) = |
𝑥+2

5
−  

6𝑥−1

6
| = |

24𝑥−17

30
|. 

 

Hence, 0 = 𝑑(𝐴𝑥, 𝐵𝑥) ≤ 𝑑(𝑆𝑥, 𝑇𝑥), for every 𝑥 in 𝑋. If we define 𝜙(𝑡1,  𝑡2,  𝑡3,  𝑡4, 𝑡5, 𝑡6)  =  𝑡1 −  𝑡2, it is 

easy to see that all the conditions of Theorem 3.2 as well as Theorem 3.3 hold and there exists a unique    

𝑥 =  
1

2
 such that 

 

𝐴 (
1

2
) = 𝐵 (

1

2
) = 𝑆 (

1

2
) = 𝑇 (

1

2
) =

1

2
 . 

 

4 Conclusion 

 
In the present paper, some fixed point theorems for two pairs of weakly compatible maps along with E.A. 

property and (CLR) property are proved. 
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